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Abstract

In this experiment we implement the Radix-2 Decimation In Time FFT algo-
rithm, and then implement circular convolution using it.

1 Introduction

The Discrete Fourier Transform of a sequence h(n), of length N is given by

H(k) =
N−1∑
n=0

h(n)W nk
N (1)

where W = e−
2π
N and k = 0, 1, 2, ..., N − 1. The range of k can be any number greater

than or equal to N , which is equivalent to padding h(n) with zeroes, but for the time
being let’s take it equal to N . If the range of k is made greater than N , we can increase
amplitude resolution, as we will get more sample points in the frequency domain.

The evaluation of this expression is computationally complex, and involves N2 com-
plex multiplications and N(N−1) complex additions. This means that as N , the length
of h(n) increases, the time taken to evaluate its DFT increases as N2.

The Fast Fourier Transform is an algorithm to compute the DFT of a sequence
efficiently. Its computational complexity if NlogN , which is a significant improvement
over N2.

2 Radix-2 Decimation in Time FFT

The Radix-2 Decimation in Time algorithm successively splits the N -point DFT into
N
2

2-point DFTs, as follows.
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Figure 1: FFT for N=8 [3]
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2
− 1

F1(k)−W k
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2
, N

2
+ 1, N

2
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Thus we can split the N -point DFT into two N
2

-point DFTs. We can do this
successively until we get N

2
2-point DFTs. This process can be formulated as first bit

reversing the time-domain sequence and then applying log2N butterfly stages as shown
in Figure 1.

3 FFT Routine

Now let us write a routine to implement the Radix-2 DIT algorithm, which takes the
signal and the required number of DFT samples as arguments. The number of samples
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is rounded up to the nearest power of two, to facilitate radix-2 operations.

3.1 Code

function y=myfft(a,N)

%zero padding to power of two

i = N;

temp = 0;

while (i>0)

i = floor(i/2);

temp = temp+1;

end

n = temp;

if (N ~= 2^(n-1))

a(length(a)+1:2^n) = 0;

N_ = 2^n;

n_ = n;

else

a(length(a)+1:2^(n-1)) = 0;

N_ = 2^(n-1);

n_ = n-1;

end

%bit reversal

for k = 1:n_

for l = 1:2^(k-1)

j = 1;

for i = 1:2:N_/2^(k-1)-1

b(j+(l-1)*N_/2^(k-1)) = a(i+(l-1)*N_/2^(k-1));

b(j+N_/2^k+(l-1)*N_/2^(k-1)) = a(i+1+(l-1)*N_/2^(k-1));

j = j+1;

end

end

a = b;

end

a_ = b;

%butterfly stages

w = exp(complex(0,-2*pi/N_));

for i = 1:n_
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for j = 1:2^(n_-i)

for k = 1+(2^i)*(j-1):(2^i)*(j-1)+2^(i-1)

temp = w^(2^(n_-i)*(k-1));

temp1 = temp*a_(k+2^(i-1));

temp2 = a_(k) - temp1;

a_(k) = a_(k) + temp1;

a_(k+2^(i-1)) = temp2;

end

end

end

y = a_;

return

4 Example

Now let us use the routine written above, to find the DFT of a signal.

4.1 Code

%set sampling frequency

fs = 1000;

t = 0:1/fs:5;

%define signal

x = 2*sin(2*pi*100*t)+3*sin(2*pi*250*t)+sin(2*pi*300*t);

ft_x = myfft(x,10000);

%adjust frequency axis

N = length(ft_x);

x_f = 0:fs/N:fs/N*(N-1);

plot(t(1:200),x(1:200))

figure, plot(abs(ft_x))

figure, plot(x_f,abs(ft_x))
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Figure 2: Signal in the time domain

Figure 3: DFT of the signal
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Figure 4: Spectrum with corrected Frequency axis

4.2 Interpretting the DFT

Figure 2 shows the signal x(t) = 2sin(200πt) + 3sin(500πt) + sin(600πt) in the
time domain. We find the DFT of this signal using the radix-2 FFT routine we have
developed. The magnitude plot of this DFT is given in Figure 3.

We must remember that the Discrete Fourier Transform of a signal gives us only a
sequence of numbers and we need to do some manipulation to interpret its physical
meaning.

4.2.1 Frequency

First, since the DFT gives us the spectrum of the signal, it should give us information
about the contribution of different frequency components in the signal. But in Figure
3, all we see is the plot of DFT against the array index numbers.

To convert the index numbers into the corresponding frequency, we need to go back
to the Nyquist sampling theorem. When we sampled one period of the DTFT to get
DFT,we took the period (0, 2π). Since the fundamental period is (−π, π), the digital
angular frequency π represents the Nyquist frequency fs

2
, which implies 2π represents

fs.

Since we take N points between 0 and fs, each sample corresponds to an increment
in frequency, of fs

N
. So the kth sample represents the frequency component kfs

N
, k =

0, 1, 2, ...N − 1.
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Figure 5: Spectrum with Magnitude axis corrected, as well

4.2.2 Magnitude

We have taken care of the frequency axis, but what about the magnitude? From
Figure 3 we see that the magnitudes of the components are of the order of a few
thousands, while in our actual signal, they are 2, 3 and 1 respectively.

To get the actual magnitude, we must divide the DFT with the number of samples[4].Figure
5 shows the DFT with both magnitude and frequency axes corrected.

5 Circular Convolution

We can consider a finite time discrete signal as one period of a periodic signal. Then
we can define the Circular Convolution of two discrete signals to be one period of the
linear convolution of their periodic representations.

Suppose x1(n) and x2(n) are two N -point discrete time signals. Their circular con-
volution

x3(n) =
N−1∑
m=0

x1 〈m〉N x2 〈n−m〉N (2)

where the subscript of the index shows that it is circular with period N .

Now, from the properties of DFT,

X3(k) = X1(k)X2(k) (3)

if Equation 2 is satisfied. Using this property, we find a way to implement circular
convolution and then, linear convolution using FFT.
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5.1 Code

function y = circconv(a,b)

N = length(a);

X = myfft(a,N);

Y = myfft(b,N);

Z = X.*Y;

z = myifft(Z,N);

y = real(z(1:N));

return

Let’s find the circular convolution of two arbitrary sequences and see whether it
exhibits any relationship with their linear convolution.

clear all;

a = [1,3,6,5];

b = [5,2,6,3];

c = circconv(a,b);

d = conv(a,b);

c

d

The output is

c =

60 65 57 58

d =

5 17 42 58 55 48 15

We chose two sequences whose lengths M = N = 4. The result of their circular
convolution is another sequence of length 4, while that of their linear convolution is a
sequence of length M +N − 1 = 7. It is obvious that the former can be obtained from
the latter by adding the last N − 1 terms of the latter to its first N − 1 terms.
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Thus, only the N th term of both are identical. Now, can we find a scenario where
we can make both the convolutions equal? The linear convolution will obviously be
longer, but if the difference is just a few zeroes padded at one end, we can treat them
as identical.

Let us redo the previous example with

a = [1,3,6,5,0,0,0];

b = [5,2,6,3,0,0,0];

Now, we get the result

c =

5.0000 17.0000 42.0000 58.0000 55.0000 48.0000 15.0000

d =

5 17 42 58 55 48 15 0 0 0 0 0 0

Thus, we made the results of both the convolutions equal by increasing the length
of both the original sequences to M +N − 1, by zero padding. This is a preferred way
of implementing convolution, since the FFT is an efficient algorithm. We can make
this trivial modification in the circular convolution routine and use it for implementing
linear convolution.

6 Overlap Add and Overlap Save methods

There are situations in which we need to convolve a short sequence with a very long
sequence. For example, in real-time signal processing, we’ll need to convolve the filter’s
impulse response with an infinitely long input signal.

In this case, we cannot wait for the whole input signal to arrive for doing the con-
volution. So we break the long input signal into short sequences and implement the
convolution with these short sequences. There are two methods for doing this.

7 Overlap Add method

In this method, the long sequence is broken into segments of length L each. The linear
convolution of the segments with the second sequence are then found in place and the
overlapping terms are added to get the final output.

Figure 7 shows the method graphically.
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[5]

The mathematical formulation is as follows. Let x[n] be the input sequence and h[n]
the impulse response. L is the segment length.

y[n] =
N/L∑
k=0

L∑
m=0

x[m+ kL] ∗ h[n− (m+ kL)] (4)

8 Overlap Save

Here, we use circular convolution of the size L segments and h[n]. If the size of h[n] is
taken as m, then the first m-1 terms of each convolution will be wrong. Therfore, we
have to take overlapping segments (overlap of (m-1) terms) to get the correct output
,i.e. the first m-1 terms of each chosen nsequence will be the last m-1 terms of the
previous sequence.

The following figure describes the overlap save algorithm:

10



[6]

The mathematical formula for the output y[n] for M≤n-kL≤M+L-1 is given by:

y[n] =
m∑

l=1

h[l].x[n− kL− l]

Here too, the convolution is easily implemented by our fft algorithm and then con-
catenating each of the outputs to

get the final output.
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