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Abstract

In this experiment we design different Infinite Impulse Response filters and
study their characteristics.

1 Introduction

The transfer function of a Infinite Impulse Response filter is given by

H(z) =

∑M−1
i=0 biz

−i

1−∑N−1
j=0 ajz−j

(1)

The time domain representation of this equation is given by

y(n) =
M−1∑
i=0

bix(n− i) +
N−1∑
j=1

ajy(n− j) (2)

This means that each output sample depends on the present input sample, the past
M-1 input samples and the past N-1 output samples. So the IIR filter has an internal
feedback, and the impulse response does not settle to zero within a finite number of
samples. Hence the name Infinite Impulse Response filter.

1.1 IIR Design from Analog Filters

IIR filters are usually designed by first designing their analog counterparts and then
transforming them into digital filters. There are several advantages of using this ap-
proach. Analog filter design procedures are highly advanced and most of the design
methods have simple design formulae which are easy to implement.

1.2 Analog Filter Design

1.2.1 Butterworth Approximation

The magnitude of the tranfer function is given by
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|H(ω)| = 1√
1 + ( Ω

Ωc
)2N

where N is the order of the filter.
We can obtain Ωc and N by substituting the given specifications in the above for-

mula. In the Butterworth filter the poles are placed on the circumference of a circle
having a radius equal to the continuous-time cut-off frequency (Ωc). A circle of radius
Ωcis drawn and N equidistant poles are marked on its circumference such that each pole
is given by

pn = ωce
j( Π

2
− Π

2N
+n Π

N
)

Only the poles in the Left Hand Plane is taken to design the filter. Once the poles
are obtained, the tranfer function will be given as

H(s) =
ωN

c

(s− p1)(s− p2)...(s− pN)

The magnitude response of Butterworth filters is maximally flat in the pass band.

This is because, for an N th order filter, the first 2N −1 derivatives of
∣∣∣H(ejΩ)

∣∣∣2 are zero
at Ω = 0. It is also monotonic in both the pass band and the stop band.

1.2.2 Chebychev Approximation

The Butterworth approximation, which is monotonic in both the pass band and stop
band, gives us a magnitude response which exceeds the specifications for the pass band
ripple. The problem is that the order of the filter will be high. Usually, we can tolerate
some amount of ripple, and it would be advantageous to have a trade-off between the
ripple and the filter order, so that we can obtain a filter which meets the specifications
and has a lower order than its Butterworth counterpart. For this we use the Chebychev
approximation.

Type I Chebychev filters have equirippple in the pass band, while Type II have
equiripple in the stop band.

The magnitude response of the Chebychev tranfer function is given by

H(ω) =
1√

1 + ε2.T 2( ω
ωp

)

where
for |x| ≤ 1

T (x) = cos(Ncos−1(x))
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for |x| > 1

T (x) = cosh(Ncosh−1(x))

The specifications are substituted in the above formula, and thereby εand N are
obtained.

The quantity αis obtained as

α = ε−1 +
√

1 + ε−2

Once αis obtained ωmajand ωminare obtained by

ωmaj =
1

2
(α

1
N + α

−1
N ).ωp

ωmin =
1

2
(α

1
N − α

−1
N ).ωp

The poles in the Chebychev filter are placed on the circumference of an ellipse whose
major axis is 2ωmajand minor axis 2ωmin. The ellipse is then drawn and the poles are
marked on its circumference such that

pn = ωmincos(φn) + jωmajsin(φn)

where φnis given by

φn =
Π

2
− Π

2N
+ n

Π

N

As in Butterworth, only the poles in the Left Half Plane are used to form the transfer
function, from which the z-transform is similarly obtained and the second order parallel
form implemented.

2 Converting Analog Design to Digital Domain

Once the continuous time filter has been designed then, we need to convert it to the
digital domain. We use two methods for this-

1. Impulse Invariance

2. Bilinear Transformation
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2.1 Impulse Invariance

In the impulse invariance method the impulse response of the continuous-time system
is sampled to produce the impulse response of the discrete-time system. For a band-
limited continuous-time system the frequency response of the discrete-time system will
be same as the continuous-time system’s frequency response with linearly-scaled fre-
quency. i.e. if the continuous-time system has an impulse response hc(t) and it is
sampled at time period T, the impulse response of the discrete-time system h(n) will
be given by

h(n) = T.hc(nT )

And their frequency responses have a relation given by

H(ejω) =
∞∑

k=−∞
Hc(

jω

T
+ j

2Π

T
k)

And if the continuous-time response is band-limited, the frequency response (for —ω—¡Π)
is

H(ejω) = Hc(
jω

T
)

In impulse invariance method, the relation between continuous-time and discrete-time
frequencies is linear, i.e.

Ω =
ω

T

Once the specifications for the filter, i.e. the discrete-time frequencies and the stop-
band and pass-band attenuations are given, the corresponding continuous-time frequen-
cies are obtained using the above relation. Then we decide whether we want to use a
butterworth or a chebychev approximation. Once that is decided we use the corre-
sponding magnitude response formulae and the given specifications to calculate the
order of the filter.

After we determine the order of the filter, we find out the pole locations using the
corresponding formula. Thus, we obtain the transfer function of the system. Then
we split it into its partial fractions. We convert each term, then, to the z domain.
Because, there are complex poles, we don’t as yet have a practically realizable filter.
Thus, we combine the conjugate poles to obtain second order terms. We then implement
each term using a second order section and then add all of them to obtain the desired
response. This implementation is called a second order parallel realization.
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Figure 1: (a)Frequency Response (in dB), (b)Impulse Response, and (c)Pulse Response
of Butterworth filter

2.2 Example

2.2.1 Butterworth filter using Impulse Invariance

A Butterworth filter of cut-off frequency 0.25, pass band ripple 1 dB and stop band
attenuation of 50 dB was designed and studied. Order of the filter was found to be 14.
Figure 1 shows the magnitude of the frequency response and impulse and step responses
of the filter realized using Impulse Invariance method.

2.2.2 Chebychev filter using Impulse Invariance

A chebyschev filter was designed for the same specifications as in the earlier example.
N was found to be 7. It gave the responses shown in Figure 2
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Figure 2: (a)Frequency Response, (b)Frequency Response in dB, (c)Impulse Response,
and (d)Pulse Response of Chebychev filter
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2.3 Bilinear Transformation

The Bilinear transformation is a first order approximation of the exact mapping (loga-
rithmic) between the s-plane and z-plane.

z = esT

⇒ s =
1

T
ln(z)

⇒ s =
2

T
[
z − 1

z + 1
+

1

3
(
z − 1

z + 1
)3 + .....]

⇒ s ≈ 2

T
(
z − 1

z + 1
)

⇒ s ≈ 2

T
(
1− z−1

1 + z−1
)

The discrete-time to continuous-time frequency mapping is given by

ωa =
2

T
tan(

ωT

2
)

Thus the entire continuous-frequency range -∞≤ωa≤∞ is mapped onto the
the discrete frequency range -Π

T
≤ ω≤Π

T
.

2.3.1 Butterworth filter using Bilinear Transformation

After the specifications are mapped using the above relation, the Butterworth filter is
designed as described previously. We get the transfer function and then we split it into
its partial fractions. We make the substitution for s ( 2

T
1−z−1

1+z−1 ). Again, we combine the
complex terms to obtain second order terms. We then implement the filter using second
order parallel form.

Figure 3 shows the magnitude of the frequency response and impulse and step re-
sponses of the filter realized using Bilinear Transformation.

2.3.2 Chebychev filter using Bilinear Transformation

For chebychev, as in butterworth, the specifications were mapped accordingly and the
filter was designed. The results are shown in Figure 4.
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Figure 3: (a)Frequency Response (in dB), (b)Impulse Response, and (c)Pulse Response
of Butterworth filter
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Figure 4: (a)Frequency Response, (b)Frequency Response in dB, (c)Impulse Response,
and (d)Pulse Response of Chebychev filter
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