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Abstract

In this experiment we design different Finite Impulse Response filters and
study their characteristics.

1 Introduction

The transfer function of a Finite Impulse Response filter is given by

H(z) =
N−1∑
n=0

h(n)z−n (1)

where h(n) is its impulse response. Thus an FIR filter has N-1 zeroes anywhere on
the finite z-plane and N-1 poles, all of which lie on z = 0. Therefore FIR filters are
stable.

1.1 Linear Phase

If the impulse response of the filter is symmetric, i.e. h(n) = h(N − 1− n), its phase
response is linear.

H(z) = h(0)z0 + h(1)z−1 + ...+ h(N − 1)zN−1 (2)

From the symmetry property of h(n) we know that h(0) = h(N − 1), h(1) = h(N −
2), ..., h(n) = h(N − 1− n). So

H(z) = h(0)
(
1 + z−(N−1)

)
+ h(1)

(
z−1 + z−(N−2)

)
+ ... (3)

= z−
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(4)

H(ejω) =

 e−jω
N−1

2

[
h
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)
+
∑(N−3)/2
n=0 2h(n)cos
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2

))]
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, N even,

(5)
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2 FIR design using Windows

2.1 Ideal Lowpass Filter

To design an FIR filter, we first find the required frequency response and then find
the time domain impulse response by taking its inverse Fourier transform.

h(t) =
∫ ∞
−∞

H(ω)ejωdω −∞ < n <∞ (6)

The frequency response of an ideal low pass filter is given by

Hd(ω) =

{
1, |ω| ≤ ωc
0, otherwise

(7)

The impulse response of this filter is obtained by applying Eq 6 to Eq 7 which gives

hd(n) = 2fcsinc(2fcn) −∞ < n <∞ (8)

where fc = ωc

2π
. The impulse response of the ideal low pass filter is infinite and

non-causal. We can make it finite and causal by taking N coefficients of h(n) which
are centred around n = 0 and shifting them by N

2
to the right. This is equivalent to

multiplying the ideal filter response by a rectangular window of length N and shifting.

If N = 2M + 1 is the order of the filter, the truncated impulse response is given by

h(n) = hd(n−M), 0 ≤ n ≤ 2M (9)

= 2fcsinc(2fc(n−M)), 0 ≤ n ≤ 2M (10)

2.2 Ripples and the Gibbs Phenomenon

The frequency response of the FIR filter defined above, has large ripples near the
transition region. This is due to the convolution of the ideal low pass response with the
frequency response of the rectangular window.

To reduce the ripple, we use other windows for truncating the infinite impulse re-
sponse, such that the transition is smoother. The smoother the transition from pass
band to stop band, the lower is the amount of ripple.

2.3 Choosing the Window

The minimum stop band attenuation and the transition width of different window
functions are given in the Table. When choosing the Window function, we have to
ensure that the order of the filter is kept minimum, while meeting the required filter
specification. For example, if we need a stop band attenuation of 50 dB, we choose the
Hamming window, since it gives the lowest order.
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In the earlier section, we saw that when we use windows, there is a trade-off between
transition width and stopband attenuation. There is only one parameter which we can
vary. This means that these windows offer very little flexibility. But this drawback is
overcome by the use of the Kaiser window, with which we can vary the transition width
and stopband attenuation independently.

Window Transition Width Minimum Stop Band Attenuation (dB)
Rectangular 0.92π/M −21

Hanning 3.11π/M −44
Hamming 3.32π/M −53

Blackmann 5.56π/M −74

3 FIR filter design from Lowpass specification

3.1 Specifications

passband edge = 1000 Hz
stopband edge = 1500 Hz
passband ripple = 1 dB
stopband attenuation = 50 dB

Since we need 50 dB attenuation in the stop band, the Hamming window fits our
requirements. The required order of the filter N is given by

3.3fs
N

= transitionwidth

Substituting the values of sampling frequency and the transition width in this equa-
tion we get N = 66. We round it up to 67 to maintain symmetry.

3.2 Formulating the Filter’s Impulse Response

The truncated ideal impulse response is given by

h′(n) = 2fcsinc(2fc(n− 33)), 0 ≤ n ≤ 66

The Hamming Window is given by

w(n) = 0.58386− 0.41614cos(
2πn

N − 1
) 0 ≤ n ≤ N − 1 N = 67

So the windowed impulse response is given by

h(n) = h′(n)w(n) 0 ≤ n ≤ N − 1
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Figure 1: Input signal

3.3 Lowpass Filter in Action

Let us try giving a composite signal to the filter we have designed. According to our
design it has a cut-off frequency of 1250 Hz.

x(t) = 2sin(1000πt) + 3sin(2000πt) + 5sin(4000πt) + 4sin(5000πt)

x(t) is shown in Figure 1. As we can see, the input signal has frequency components
of 500 Hz, 1000 Hz, 2000 Hz and 2500 Hz.

Since the cut-off frequency of our low pass filter is 1250 Hz, we can expect the filter
to remove the 2000 Hz and 2500 Hz components from x(t), when we pass it through
the filter. This output is shown in Figure 2. As expected, only the components whose
frequency is less than the cut-off frequency are present.

Next, we plot the frequency response of the filter. Figure 3(a) shows the frequency
response of a low pass filter with a truncated ideal impulse response, and (b), that of
the filter, multiplied with the Hamming window. We can see that the windowed filter
has a much better stop band attenuation, as well as very little ripple in the pass band,
though it has a wider transition band.

3.3.1 Impulse and Step Response

The response of the low pass filter to impulse and step inputs are shown in Figures 4
and 5.
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Figure 2: Output signal

Figure 3: (a)Before windowing, and (b)After windowing

Figure 4: Impulse Response
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Figure 5: Step Response

4 High Pass Filter

In the last section, we designed a low pass FIR filter and studied its properties. Now
let us try to modify that filter into a high pass filter with the same cut-off frequency
and other specifications.

The frequency response of a high pass filter with cut-off frequency fc is given by

Hhp(f |fc) = 1−Hlp(f |fc)

where Hlp(f/fc) is the frequency response of a low pass filter with cut-off frequency
fc. Taking the inverse Fourier transform,

hhp(n|fc) = δ(n)− hlp(n|fc)

i.e.hhp(n|fc) = δ(n)− 2fcsinc(2fcn)

4.1 High Pass Filter in Action

As in the case of the LPF, let us try giving a composite signal to the filter we have
designed. According to our design it has a cut-off frequency of 1250 Hz.

x(t) = 2sin(1000πt) + 3sin(2000πt) + 5sin(4000πt) + 4sin(5000πt)

x(t) is shown in Figure 6.

Since the cut-off frequency of our high pass filter is 1250 Hz, we can expect the filter
to remove the 500 Hz and 1000 Hz components from x(t), when we pass it through
the filter. This output is shown in Figure 7. As expected, only the components whose
frequency is greater than the cut-off frequency are present.

6



Figure 6: Input signal

Figure 7: Output signal

Next, we plot the frequency response of the filter. Figure 8(a) shows the frequency
response of a low pass filter with a truncated ideal impulse response, and (b), that of
the filter, multiplied with the Hamming window. Again, we can see that the windowed
filter has a much better stop band attenuation, as well as very little ripple in the pass
band, though it has a wider transition band.

4.1.1 Impulse and Step Response

5 Bandpass Filter

In this section, we will design a band pass filter by modifying the low pass impulse
response.
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Figure 8: (a)Before windowing, and (b)After windowing

Figure 9: Impulse Response

Figure 10: Step Response

8



Suppose we need to design a band pass filter with the cut-off frequencies fl and fh.
Let us define

f1 =
fl + fh

2

f2 =
fl − fh

2
Then the frequency response of the band pass filter is given by

Hbp(f |fl, fh) = Hlp(f − f1|f2) +Hlp(f + f1|f2)

where Hlp(f |f2) is the frequency response of an ideal low pass filter with cut-off
frequency f2.

The impulse response of the band pass filter is given by

h(n|fl, fh) = ej2πf1nhlp(n|f2) + e−j2πf1nhlp(n|f2)

i.e.
h(n|fl, fh) = 2cos(2πf1n) (2f2sinc(2f2n))

5.1 Specification

stop band edge 1 = 1250 Hz
pass band edge 1 = 1750 Hz
pass band edge 2 = 2250 Hz
stop band edge 2 = 2750 Hz

stop band attenuation = 50 dB
Therefore,

fl = 1500Hz

fh = 2500Hz

f1 = 2000Hz

f2 = 500Hz

Since we need 50 dB attenuation in the stop band, the Hamming window fits our
requirements. The required order of the filter N is given by

3.3fs
N

= transitionwidth

Substituting the values of sampling frequency and the transition width in this equa-
tion we get N = 66. We round it up to 67 to maintain symmetry.

The impulse response of the ideal filter is given by

h′(n) = 2cos(2πf1n).2fcsinc(2fc(n− 33)), 0 ≤ n ≤ 66

Multiplying with the 67-point Hamming window as in the earlier case, we get

h(n) = h′(n)w(n) 0 ≤ n ≤ 66
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Figure 11: Input signal

5.2 Band Pass Filter in Action

Let us give an input defined by

x(t) = 2sin(1000πt) + 3sin(2400πt) + 5sin(4000πt) + 4sin(5000πt) + 3sin(8000πt)

x(t) is shown in Figure 11.

The output is shown in Figure 12. Only those frequency components falling withing
the pass band of the filter are preserved. The frequency component 2500 Hz falls in the
transition band, and is attenuated, without being completely eliminated.

Next, we plot the frequency response of the filter. Figure 13 shows the frequency
response of the band pass filter.

5.2.1 Impulse and Step Response

The response of the band pass filter to impulse and step inputs are shown in Figures
14 and 15.

The impulse response of the band pass filter is a special waveform known as a
wavelet. The average value of the impulse response is zero, which means it will allow
DC to pass through it.

6 Band Reject Filter

We can design a band reject filter from a band pass filter in the same way we designed
a high pass filter from a lowpass filter. The frequency response of the band reject filter
is given by

Hbr(f |fl, fh) = 1−Hbp(f |fl, fh)
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Figure 12: Output signal

Figure 13: Frequency response
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Figure 14: Impulse Response

Figure 15: Step Response
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i.e.
hbr(n|fl, fh) = δ(n)− hbp(n|fl, fh)
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